These notes grew out of the Quantisation Seminar 1997{98 on Deligne's paper 6] and the lecture of the rst author in the Workshop on Quantization and Momentum Maps at the University of Warwick in December 1997.
Introduction
In this paper, we present in a purely Cech cohomology context some of the results given by Deligne 6] concerning cohomology classes associated to equivalence classes of di erential star products on a symplectic manifold.
Star products were introduced in 1] to give a deformation approach to quantization. A star product is a formal deformation of the algebraic structure of the space of smooth functions on a Poisson manifold, both of the associative structure given by the usual product of functions and the Lie structure given by the Poisson bracket. We consider here only di erential star products (i.e. de ned by a series of bidi erential operators) on a symplectic manifold. Although the question makes sense more generally for Poisson manifolds, Deligne's method depends crucially on the Darboux theorem and the uniqueness of the Moyal star product on R 2n so the methods do not extend to general Poisson manifolds. Di erent methods are used by Kontsevich 17 ] to construct and classify di erential star products on a Poisson manifold.
The existence of a di erential star product on any symplectic manifold was rst proven in 1983 by De Wilde and Lecomte 8] whilst the fact that equivalence classes of di erential star products are parametrized by series of elements in the second de Rham cohomology space of M appeared rst in Nest and Tsygan 20] , in Bertelson, Cahen and Gutt 3, 4] and in Deligne 6] . In the rst two cited papers, the correspondence relies on Fedosov's 10] geometrical construction of a star product; Fedosov takes a symplectic connection, extends it as a connection in the Weyl bundle whose curvature lies in the centre and builds from this a star product whose equivalence class is determined by the cohomology class of this central curvature. The classi cation then depends on showing that every di erential star product is equivalent to a Fedosov star product.
In his paper, Deligne de nes two cohomological classes associated to di erential star products on a symplectic manifold. The rst class is a relative class; xing a star product on the manifold, it intrinsically associates to any equivalence class of star products an element in H 2 (M; R) ] ] (i.e. a series of elements in the second de Rham cohomology space of M). This is done in Cech cohomology by looking at the obstruction to gluing local equivalences (and is thus a globalisation of the old step by step techniques which showed that, at each order in the parameter, equivalence classes were parametrized by H 2 (M; R)).
Deligne's second class is built from special local derivations of a star product. The same derivations played a special role in the rst general existence theorem 8] for a star product on a symplectic manifold. Deligne used some properties of Fedosov's construction and central curvature class to relate his two classes and to see how to characterise an equivalence class of star products by the derivation related class and some extra data 1 obtained from the second term in the deformation. We do this here by direct methods.
The content of our paper is as follows: Section 2 includes de nitions of star products and equivalence on symplectic manifolds as well as a brief study of the di erential Hochschild cohomology of the algebra of smooth functions on a manifold. Section 3 collects some basic results on the topological conditions for the equivalence of two star products. We determine when a self-equivalence is inner and what are the -linear derivations of a star product on a symplectic manifold (M; !). Section 4 describes the relative Cech cohomology class introduced by Deligne as the obstruction to piecing together local equivalences between two di erential star products on a symplectic manifold.
Section 5 describes the intrinsic derivation-related Cech cohomology class associated to a star product; it is obtained by comparing local \ -Euler" derivations of this star product. The relation between the relative class of two star products and their intrinsic derivation related classes is found.
Section 6 introduces the characteristic class, de ned from the intrinsic derivation related class and the second term of the deformation. We show directly some equivariance properties of this class (relative to di eomorphisms and to changes of the deformation parameter) and the fact that it characterises equivalence classes of star products. The proof of the fact that this class is the same as Fedosov's central curvature class is not included in these notes, see Deligne 6] .
Section 7 includes the De Wilde proof 7] of the existence of a star product on any symplectic manifold. To whit a simultaneous construction of a star product and a family of local -Euler derivations of it yielding a given intrinsic derivation related class. This employs the techniques of the previous sections, re ning the Neroslavsky and Vlassov 19] step-by-step techniques to apply to the De Wilde{Lecomte proof 8].
Section 8 gives the rst and second di erential cohomology space for a star-deformed associative algebra viewed as an R ] ]-algebra. In particular, it gives an elementary proof of the fact that the second di erential Hochschild cohomology space for a star-deformed algebra (C 1 Section 9 gives all automorphisms and derivations of a star product which are continuous for the -adic topology; in particular, we show that a symplectomorphism of a symplectic manifold (M; !) can be extended to a -linear automorphism of a given di erential star product on (M; !) if and only if its action on H 2 (M; R) ] ] preserves its characteristic class.
Section 10 explains some of the steps to get from the Deligne's de nition of a deformation 6] to the usual one considered in the rst part of these notes. In his paper Deligne deduces this and other results from the algebraic geometrical approach to deformation theory; in these notes we give equivalent low-brow proofs based around partitions of unity and coverings by contractible Darboux charts to go between local and global structures.
Let us close the introduction by emphasising that the results in these pages are not new, except for Section 9, and can be found mostly in Deligne 6] . We decided to write these notes in view of the large number of people who asked for a written account of the seminar on the subject. The interest of the presentation is that it is self-contained and the proofs are done in an elementary way. Similar presentations of some of this material exist; in particular De Wilde 7] and Karabegov 16] give purely Cech-theoretic accounts of Deligne's intrinsic derivation-related class (see Section 5) and De Wilde shows by Cech methods how this class and a 2-form induced by the skew-symmetric part of the second term of the deformation characterise the equivalence class of the deformation. 
If D is a di erential operator of order k, then we may view it as a k-di erential 1-cochain. For a vector eld X we have @X = 0, and if k 2 a repeated application of Leibniz' Rule then shows that @D is a bi-di erential operator of order k ? 1.
We de ne the support supp C of a cochain C to be the union of the supports of its coe cients when written in coordinates. Combining the above results, we can build a p ? 1 cochain G 0 so that C ? @(G 0 ) is a multi di erential operator with terms involving derivatives of the rst argument of order less than k. Iterating, we can reduce the order in the rst argument to 1.
so C being a cocycle is equivalent to the D i being cocycles. In this case we have D i = @E i + F i with F i 1-di erential and
and the RHS is now 1-di erential in all arguments. Using the previous Proposition, this 1-di erential cocycle is equal to its total skewsymmetrization plus a coboundary.
Hence the induction proceeds. Remark 2.18 The proofs of the above results work globally on a manifold if we use a connection to write the cochain in terms of its symbol and do the induction with respect to the degree. Then we see that all the choices can be made explicit, and the inductions are nite, so the method can be made constructive.
In fact for di erential star products there is no di erence between the two notions of equivalence as the following result shows 6, 18]:
Theorem 2.22 Let and 0 be di erential star products and T(u) = u + P r 1 r T r (u) an equivalence so that T(u v) = T(u) 0 T(v) then the T r are di erential operators. Proof Suppose we know that the rst k operators T 1 ; : : : ; T k in T are di erential operators and set T 0 (u) = u + P 1 r k r T r (u). Then T 00 = T 0 ?1 T is an equivalence between the di erential star products and 00 where u 00 v = T 0 ?1 (T 0 (u) 0 T 0 (v)). T 00 has the form T 00 (u) = u + k+1 T 00 k+1 (u) + . Taking the terms of degree k + 1 in u v = T 00 ?1 (T 00 (u) 00 T 00 (v)) we see that (@T 00 k+1 )(u; v) = T 00 k+1 (u)v+uT 00 k+1 (v)?T 00 k+1 (uv) is a bidi erential symmetric 2-cocycle. By Theorem 2.15 @T 00 k+1 is the coboundary of a di erential 1-cochain plus a 1-di erential skewsymmetric cochain. Since both exact terms are symmetric, the skewsymmetric term vanishes. Thus there is a di erential 1-cochain B such that @(T 00 k+1 ? B) = 0. It follows that X = T 00 k+1 ? B is a derivation of N and hence is a vector eld. Thus T 00 k+1 = B + X is di erential. T k+1 is a combination of T 1 ; : : : ; T k and T 00 k+1 and hence is also di erential. It follows now by induction that T is di erential. Proof Let us suppose that, modulo some equivalence, the two star products and 0 coincide up to order k. Then associativity at order k shows that C k ? C 0 k is a Hochschild 2-cocycle and so by (3) can be written as (C k ? C 0 k )(u; v) = (@B)(u; v) + A(X u ; X v ) for a 2-form A. The total skewsymmetrization of the associativity relation at order k + 1 shows that A is a closed 2-form. Since the second cohomology vanishes, A is exact, A = dF. Transforming by the equivalence de ned by Tu = u+ k?1 2F (X u ), we can assume that the
B(uv) + B(u)v where B is a di erential operator on N and using the equivalence de ned by T = I + k B we can assume that the star products coincide, modulo an equivalence, up to order k + 1.
This gives the inductive step, and since two star products always agree in their leading term, it follows, by induction, that they are equivalent. 
The Relative Class
We shall describe here the Cech cohomology class introduced by Deligne when one considers two di erential star products on a symplectic manifold. It is built from local equivalences between those star products, using the property that any local self equivalence of a di erential star product is of the form exp ad a for some locally de ned a. Proof To see that the map is surjective we proceed in two steps. We rst show that given a 2-cocycle t , we can nd t 2 N ] ] so that t = t t t :
We then construct a di erential operator T on U starting with the identity so that T ?1 T = exp ad t .
For the rst step, we use, as above, the fact that the sheaf of functions is ne. At order zero, the cocycle condition takes the form t 0 ? t 0 + t 0 ? t 0 = 0: From the way we constructed 0 it is easy to see that the class of 0 will be t( 0 ; ).
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We summarise these results in a theorem. the star product up to equivalence. As a step in that direction we consider an intrinsic class which is an obstruction to piecing together local derivations of the star product.
We retain the notation of the previous section and continue to denote by U the covering by contractible Darboux charts. 
If we let B = ?i(Y )! then B (X u ) = Y (u) so the right hand side of (9) ? is a bidi erential 2-cocycle vanishing on constants which is never a coboundary and whose symbol is of order 3 in each argument, where A is a closed 2-form on M and where E is a di erential operator vanishing on constants. Hence H 2 Chev;nc (N; N) = R H 2 (M; R) and the # operator is the projection on the second factor relative to this decomposition.
The results above can be reformulated as Proposition 6.2 Given two di erential star products and 0 , the zeroth order term of It follows from what we did before that the association to a di erential star product of (C ? We want now to de ne a class c( )( ) which will determine the equivalence class of 
is a local derivation of 0 . Hence a local -Euler derivation of 0 is given bỹ 
. From this, we get: Then is a star product at order 2. It can always be extended to order 3 (see below;
the skew part of E 3 vanishes since P 2 is symmetric and A is closed). On the other hand L X P 2 = L X P 2 on U \U since X ?X is symplectic and one can nd (again, see below; the corresponding A 2 is symmetric) a di erential operator R such that @R = L X P 2 +2P 2 . (19) Relation (18) 
Relation (19) at order K gives @A K = 0 so
where G K is a 2-form on U , and the skewsymmetrization at order K + 1 yields
using L X X u = X L X u ? X u . Relation (15) which can be reformulated as
This last formula (22) shows that there is a well-de ned 2-form on M
The relation (21) To obtain a similar result for the second cohomology group we re ne the relationship between the characteristic class and the equivalence class of a star product at a given order in to a relationship between a representing 2-form and the cochains of the star product. is again an equivalence between our two star products. By induction on j, we can assume that the equivalence is of the form T = I + k+2 L X + where X is a vector eld on M. 9 Derivations and automorphisms of a star product
In this section, we consider a star-deformed algebra as a real algebra and we study its derivations and its automorphisms. We assume throughout this section that the manifold M is connected. The results presented here were obtained with one of our students, Daniel Remark 9.6 See also Omori et al. 21] who show that when reparametrisations are allowed then there is only one star product on C P n .
